Abstract: Quality of injection molded parts of semi-crystalline polymers has been the subject of intense interest from both analytical and industrial points of view. Crystallinity profile plays an important role in determining mechanical properties of a part and its quality. Therefore it is important to analyze the effect of injection molding parameters on the crystallinity profile of the molded parts. In this study, finite element analysis has been used to solve the equations of mass, momentum, and energy conservation simultaneously with the equation of crystallization kinetics to predict melt front, its solidification and crystallinity profile. The results from our numerical analysis have been compared with the reported experimental results. Furthermore, progress of the crystallization is proposed to be a proper criterion for estimation of the eject time. Finally, the effects of mold and melt temperature on the eject time; part temperature and average degree of crystallinity, for a specific compound are also presented.
Introduction
Injection molding of plastics is perhaps the most commonly used operation in producing polymer parts. It is widely used to produce large quantities of various plastic products [1] [2] [3] [4] [5] . Therefore it has been studied by many researches from different points of view [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The major challenge, for the industry, is to design proper molds and select the proper operating conditions to produce high quality products at low cost.
Injection molding involves non-isothermal unsteady flow of a non-Newtonian fluid in a channel that can be of a complex shape. It also involves change of phase (e.g. solidification) that is also a complicated process to study. Therefore it is common to apply simplifying assumptions in the analysis of the injection molding process. In this study we will review some of these simplifying assumptions, and introduce our approach that includes consideration of the crystallization kinetics. Crystallization kinetics is important because it determines the degree of crystallinity and its progress as a function of operating conditions. Crystallinity profile of a part contributes significantly to its mechanical behavior [20] .
The aim of this work is to study crystallization during the filling and the post filling stage of injection molding of semi-crystalline polymers. This study will further investigate the effect of operating conditions on the degree of crystallinity and the required cooling time, and filling pressure.
After introduction of our algorithm, verification and validation step including comparison with reported experiments by Pantani [9] is given. We then introduce a criterion to determine the eject time of the molded part based on the progress of crystallization. We then use, parametric study to show how the operation conditions including melt temperature and mold temperature affect the eject time.
Theoritical Formulations
In this section we first review the simplifying assumptions in previous studies and then introduce our approach in modeling the flow, heat transfer and crystallization for injection molding process simultaneously.
Osswald et.al. [7] ignored the variations in the flow direction to predict the pressure rise and flow length in a slit mold. They assumed that the thickness of the solid layer and the temperature profile change with time, but is constant in the flow direction. Therefore the flow and heat transfer analysis was performed in one dimension, which can be inaccurate in some cases.
Williams and Lord [8] used another approach for one-dimensional simulation of the injection molding process. They assumed a fully developed flow at each cross section letting the cross section to vary because solidified layer thickness changes through the mold. Axial temperature gradient was assumed constant. Many authors have used these assumptions to analyze injection molding [9] [10] [11] [12] [13] [14] [15] [16] . This method is not capable of predicting the shape and the exact position of the flow front.
Crystallization is affected by the variation of the temperature during cooling time, therefore in this study it was important to know where and when the polymer element begins to crystallize. Melt front tracking methods are therefore required to find temperature history of polymer in the mold. There are number of methods to find the position and the shape of the flow front. These methods use either a fixed or a moving mesh that is updated by the progress of the fluid.
Methods employing a fixed mesh, define parameters such as filling factor in VOF method [21] [22] [23] [24] , or distance function in "Level Set Method" [23] [24] [25] [26] [27] [28] that determines the shape and position of the flow front in the domain. There are a number of studies that have applied a fixed mesh to analyze the injection molding. Narh et al used VOF method to simulate stress induced crystallization in the injection molding of thermoplastics [18] . Nguyen and Gao [19] employed VOF method to analyze filling stage of the injection molding process.
Moving mesh methods have also been used in analysis of injection molding. Kamal et al [17] employed a moving mesh to predict shape and position of the flow front for molding of viscoelastic fluids in complex shaped molds.
In the following section, the governing equations for the injection molding process are given. The constitutive equation describing the rheology of the melt is also given, and finally an equation for the kinetics of the crystallization is given. The front tracking algorithm is then explained and finally the algorithm for solving these equations together is presented.
Governing Equations
Most of the injection molded parts are of thin thickness [17] ; therefore it is common to neglect the variation in the width direction. A rectangular mold is shown in Figure (1) , where H is half of the mold's thickness and L is the length of the mold: As polymeric fluids are highly viscous, inertia terms in the momentum equation are neglected, and these equations in Cartesian Coordinates are [3, 4, 29] : u and v represent velocities in x and y directions, respectively . The equation of energy for two dimensional unsteady heat transfer is [3, 4, 29] :
where T stands for temperature, and the parameters  , p C and k are density, heat capacity, and thermal conductivity of the polymer; respectively. In this equation  is the latent heat of a perfect crystal and X is the degree of crystallinity.
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The viscosity of polymer melt, drops with increasing shear rate and temperature. The Cross-WLF model is employed in this study to incorporate the dependence of melt viscosity on shear rate and temperature [9] .
In equation (4)  is the viscosity, C is a constant, and   is defined as follows [3, 29, 30] :
and
gives the zero shear rate viscosity at temperature T [9] : A are constants in equation (6) . There are several models to describe crystallization kinetics. In this study an equation developed by Nakamura et.al. has been selected [9] . In integral form, Nakamura's equation is given as:
() Xt is the degree of crystallization at the time t , X  is the maximum attainable value for crystallinity, n is Avrami index and () kT is the kinetics constant , which can be calculated as follow:
T and D are constants for calculating the () kT .
Boundary Conditions
The boundary conditions for filling and post filling stages are different. For the filling stage, a fully developed velocity profile (Newtonian fluid) with the temperature 0 T is assumed at the inlet of the mold. 
u is the average velocity.
At the melt front, a stress free boundary condition is assumed and the heat transfer between melt front and air is assumed negligible.
, ,
Heat transfer between the upper wall ( yH  ) and the polymer melt is given by:
where h is the heat transfer coefficient and w T is the temperature of the mold. When the melt reaches the end of the mold, heat is conducted from the melt to the mold at its end as well, and a new boundary condition should be also applied, as follows:
Numerical Techniques
In this section the numerical technique to determine the shape and the position of the melt front is given, followed by the method to solve the equations of motion, and heat transfer.
Melt Front Tracking Method
The front tracking algorithm suggested by Kamal et.al. [17] was employed in this work. In this method position of the melt in the (n+1) th step is determined using kinematics of the flow front in the n th step as follows:
In these equations n x and n y are the coordinates of a point on the flow front in the n th step. t  must be selected in a way to guarantee that the points on the melt front do not cross the mold boundaries , so the following constrain for t  must be applied:
where i y is the distance of an arbitrary node from the center line and i v is its velocity in y direction.
It should be noted that our work differs from Kamal's method, since it employs two different meshes for solving flow and heat transfer problems, which will be described in more detail in section 4.
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Finite Element Formulation
Finite element formulation of the momentum and continuity equations is given as follows [23, 30] 
 and  are quadratic and linear Lagrangian interpolation functions, for velocities and pressure; respectively.
Temperature profile is also obtained using finite element method, and Streamline Up winding Petrov-Galerkin (SU/PG) scheme is employed to obtain stable solution temperature for filling stage [31] [32] [33] .
Equation (21) illustrates the finite element formulation of energy equation using SU/PG scheme.
In this equation  is a bi-linear interpolation function for temperature, and   is the weight function, defined in SU/PG method [31] [32] [33] :
Equation (21) is solved for the portion of the mold which is filled with the polymer, while equations (17) (18) (19) are solved for the fluid domain where ( m TT  ). So it is necessary to use separate meshes to obtain the temperature and the velocities profile.
Description of the Final Algorithm
As explained earlier equations of mass, momentum, and energy conservation and kinetics of crystallization must be solved simultaneously. The algorithm to couple these equations is described.
1-Initial velocities and the temperatures at the inlet is given by the inlet boundary conditions.
2-
The new position of the melt front is obtained using front tracking technique as described in section 3-1.
3-The velocity profile in the melt domain is obtained using governing equations described in section 2-1 and 3-2.
4-The temperature profile is obtained by solving equation (21) for the entire domain filled by the polymer. As noted earlier there are two separate meshes for the calculation of velocity and temperature variable. Therefore it is necessary to obtain velocity and temperature values for two meshes. After solving the governing equations, values of velocity and temperature is calculated for the other mesh using bi-linear interpolation.
5-The temperature at the interface of the solid layer and polymer melt is assumed m T (melting temperature), to distinguish the melt domain from the solid layer.
6-Steps 3, 4, and 5 are repeated until the difference between new and old values is less than a specified tolerance (10 -6 ) for each melt front position.
7-The solution then proceeds by repeating step 2 until the mold is filled. And then the boundary condition (15) is applied.
8-The solution continues to obtain a fixed crystallinity profile (difference between new and old values is less than 10 -6
).
To analyze the injection molding process the above stages were incorporated using a finite element based code, developed by the authors in "FORTRAN90". The main part of the code could be found in the annex 1.
The required time for the calculation of mold filling process greatly depends on the dimension of the mold and necessary iteration number to achieve convergency. However, it may be mentioned that CPU time for the cases sited at parametric study section (5-2) is approximately 2 hours (Pentium IV, CPU 3.6 GHz, RAM 2 GB).
Results and Discussion
As the first step in validation of the solution, the results from the analysis are compared with the experimental results reported by Pantani [9] . In the next step, parametric studies are performed using the material data used by Pantani et.al.
(using full kinetics set data and neglecting pressure effect) [9] . The crystallinity kinetics constants and rheological constants are shown in Table ( 
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Based on the progress of the crystallinity and its equilibrium value (maximum attainable) for the part, a criterion for the eject time is introduced. In the next section the effect of operating conditions on the degree of crystallization and, the eject time are studied.
Validation of the solution
In this section the crystallinity profile reported by Pantani et.al. [9] is compared with the results of our analysis. In Figure ( 2) solid line shows the results from two dimensional analysis and the pointed line reveals Pantani's experiment.
The simulation has been performed for a rectangular mold with 1.0 mm H  and 120 mm L  . The inlet temperature and the mold temperature are considered 503 K and 303 K respectively. The injection velocity is considered s cm / 57
. The heat transfer coefficient ( h ) is. This condition is similar to the condition 40 10 1.5 p t g , which is introduced in Pantani et.al [9] . 
Parametric study
The set of base parameters for operating conditions is given in Table 2 . The temperature and crystallinity profile in different elapsed time and different positions of the mold is studied. Then the effect of the operating parameters (e.g. mold and inlet temperature) on the eject time and degree of crystallinity is given. . It shows that temperature histories near the inlet and close to the end are different, and this may result in different crystallinity profiles. In one-dimensional analysis that ignores end wall effects, this difference can not be captured. Density is a function of crystallinity, and changes in crystallinity result in variations of specific volume of the injection molded parts. If crystallization continues to vary outside the mold greatly, the part shrinks and deforms. Therefore it is important for dimensional staility of the part to eject it when the crystallization approaches its maximum. Since dimentional stability is one of the important quality parameters, it is reasonable to select the eject time based on the completion of crystallinity development. Here, we have defined an average degree of crystallinity for a part to use it as a criterion to determine appropriate eject time. Table ( 2).
We arbitrarily have selected the eject time, to be the time that average crystallinity reaches 99% of its maximum attainable value; it may be selected based on cost and quality considerations. For the case shown in Figure ( As the criteria for the eject time is arbitrary selected to be the time that average crystallinity reaches 99% of its maximum attainable value, one can chose another criteria (e.g. 95%) based on cost and quality considerations.
-Effects of Operating Parameters on Eject Time
In this section the effect of inlet temperature and mold's temperature on the eject time, based on the average crystallinity studied. Another interesting function to study is the bulk temperature of the part to be correlated to the eject time. Also, effect of operating conditions on the bulk temperature of the part, as defined in the following equation.
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The bulk temperature and its relation to average crystallinity is important as it can serve as a control parameter for the injection molding process to eject the part.
Figure (6) shows the effect of inlet and wall temperature on the eject time. It is seen that increasing the inlet temperature and the wall temperature, increases the eject time, although the degree of crystallinity is not the same for both cases. Figure (7) shows that an increase in the inlet and the wall temperature, increases the eject time but may result in higher degree of crystallinity. Increasing the mold temperature decreases the cooling rate, resulting in heterogeneous crystallization which is slower than homogenous crystallization and yields higher degree of crystallinity [34] . Figure (7) also shows that in lower temperatures of the mold, in which homogeneous crystallization kinetics is dominant, the average crystallinity of the part is lower. When the wall temperature is high enough (e.g.
K
w T   ) the average crystallinity is independent of the inlet temperature, for the material and geometry studied here.
Figure (8) demonstrates the effect of melt and wall temperature on the bulk temperature at the eject time. It is observed that eject bulk temperature is a strong function of mold temperature and it is not affected by the melt temperature significantly. Figures (9) and (10) show injection pressure at the inlet as a function of dimensionless flow length of the polymer melt . Figure (9 ) reveals that increasing the melt inlet temperature decreases the injection pressure, as viscosity drops at the higher temperature. 
Conclusions
The progress of the crystallinity profile, injection pressure, and cooling time were studied using a code which solves equations of motion for non-isothermal, unsteady flow of Non-Newtonian fluids in two dimensions, and the equation for crystallization kinetics, simultaneously. The flow front is tracked using moving mesh method. The result was to predict crystallization as a function of time and position. Therefore a criterion for eject time based on progress of crystallinity is suggested, and also a method for finding suitable cooling time was suggested. Finally, the effects of operating parameters including melt inlet and mold temperature on the eject time, amount of average crystallinity, and bulk temperature at eject time were illustrated. The eject time was correlated to part temperature, therefore optimum dimensional stability may be found by adjusting part temperature in the mold.
